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Abstract. We pursue our investigation of the non-equilibrium dynamics of the backgammon
model, a dynamical urn model which exhibits aging and glassy behaviour at low temperature.
We present an analytical study of the scaling behaviour of the local correlation and response
functions of the density fluctuations of the model, and of the associated fluctuation—dissipation
ratios, throughout the-regime of low temperature and long times. This analysis includes the
aging regime, the convergence to equilibrium, and the crossover behaviour between them.

1. Introduction

There is a long tradition in statistical physics of illustrating conceptual problems on extremely
simplified models [1]. The Ehrenfest dynamical urn model [2], which was considered by Kac
as ‘probably one of the most instructive models in the whole of physics’ [3], is an example
of these. It was devised to elucidate the problems raised by the objections of Loschmidt and
Zermelo against th& -theorem, and in particular to understand the fine details of how a system
relaxes towards equilibrium.

The Ehrenfest model is defined as follows. Consifeballs, labelled from 1 tav,
distributed between two urns. The numbers of balls in the urns are denotdd and
N, = N — N;. At each time step a ball is chosen at random (i.e. an integer between 1
andN is chosen at random), and moved from the box where it is to the other box. If there was
initially an unequal number of balls in each urn, the system will relax to the equilibrium state,
characterized by the binomial law

1(N
P(Ny) = 2—N<Nl> 1.1

such that each urn contains, on average, an equal number of balls. This model, subsequently
studied by Kohlrausch and Sdidinger [4], was finally fully solved by Kac, Siegert and
Hess [5-7].

The present paper belongs to the same tradition. It is devoted to the analytical study of a
very simple urn model, which is actually a modern avatar of the Ehrenfest model, the so-called
backgammon model [8]. This model pertains to the recent stream of research where the study
of the slow dynamics of complex glassy systems is replaced by that of simple models, most
of them of mean-field type (for a recent review, see [9]). Its aim was to demonstrate that a
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microscopic model characterized by the absence of energy barriers was nevertheless able to
exhibit a number of the characteristic features of glassy dynamics.

The backgammon model generalizes the Ehrenfest model in two directions. First, it is
easy to realize that the dynamics of the Ehrenfest model is effectively at infinite temperature,
because there is no constraint on the move of the drawn ball. Therefore, in order to consider
the dynamics of the model at finite temperature, one has to define an energy and impose, e.g.,
a Metropolis rule for the move of the drawn ball: the move is allowed with probability one if
the energy decreases or stays unchanged, and with probability 8¥F) if it increases by
AE. The second generalization consists of takMghoxes instead of two, and in going to
the thermodynamical limitN — oo, M — oo, with a fixed densityp = N/M of balls per
box. These two generalizations define a class of ‘thermodynamical urn models’, of which the
backgammon model is a special case. In the backgammon model the energy is chosen equal
to minus the number of empty boxes [8].

Variants of this model have been considered, where either the choice of energy is different,
or thea priori statistics of the elementary moves is defined otherwise [10-13], or yet other
rules are imposed [14]. Mentions of the similarity of the backgammon model to the Ehrenfest
model can also be found in [15, 16].

The expected behaviour of the model is easy to grasp. Denotirg;, lifie occupation
number of the departure box, determined by the selected ball, awgthe occupation number
of the arrival box, drawn at random, four elementary moves are possible:

Ny >1 N,>0:AE=0 e

Ny=1 N,=0:AE=0 } (diffusion) 12
N;,=1 N,>0: AE=-1 (condensation) '
Ny>1 N,=0: AE=+1 (evaporation).

The first two moves, corresponding to diffusion of the balls, are independent of temperature.
The last two ones are respectively favoured at low temperature (condensation), and at high
temperature (evaporation)t.

Therefore, at infinite temperature, since once a ball is drawn it is replaced in a box chosen
at random, equilibrium is attained rapidly, characterized by a multinomial distribution of the
balls amongst the boxes, a simple generalization of the result for the original Ehrenfest model.
When temperature decreases, dynamics slows down because the rate of rejection of moves of
the drawn ball increases. At equilibrium and at low temperature, a few boxes contain a large
number of balls. Finally, at zero temperature the only moves allowed are those for which energy
decreases (condensation) or stays unchanged (diffusion). The dynamics becomes extremely
slow as time passes. Indeed the ultimate stage when all boxes but two are empty meets
the original Ehrenfest model with two boxes, except that now, if one box becomes empty,
the dynamics stops. Such an event occurs with a probability of apdan = 2~V (see
equation (1.1)), so that the time needed to empty one of the two boxes in this ultimate stage
is exponentially large irV, and infinite in the thermodynamical limit. It is therefore clear
that, at low temperature, after a transient regime, two time scales are involved in the process:
a fast one, corresponding to the equilibration amongst the non-empty boxes, and a slow one,
corresponding to the occurrence of the rare event of emptying a new box. This picture, although
simple, accounts for the gist of the model.

A virtue of the backgammon model is that it allows one to test a number of concepts
which appear in the study of the non-equilibrium dynamics of real systems, although it is an

T We use on purpose the same words—diffusion, condensation and evaporation—as used in the description of the
elementary moves in the Kawasaki dynamics of an Ising chain [17]. There is indeed a strong analogy between the
latter model and a one-dimensional version of the backgammon model.
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extreme simplification of the latter. For instance, slow relaxational dynamics, aging properties,
exploration of the two-time plane, violation of the fluctuation—dissipation theorem [18], etc.
can be investigated in this model, either by numerical means [8], in a straightforward way, or
by analytical methods, which turn out to be much harder [10, 19-23].

The relaxation of energy for the backgammon model was the subject of previous
studies [10,19-21, 23]. More recently, the relaxation of density has been addressed by Franz
and Ritort [22], in order to investigate possible differences between the behaviour of this
observable and that of the energy. In the present work we give a thorough analytical study of
this question. The methods used are similar to those introduced in [23]. Our presentation will
therefore follow the lines of this reference, yet stay self-contained.

The outline of this paper is as follows. Section 2 defines the quantities studied in this
work and presents the dynamical equations they obey. In segt@oformal solution of these
equations s obtained by the method of characteristics. section 4 makes contact with the original
Ehrenfest model by considering the simple situation of infinite temperature. The two main
sections of this work are section 5, devoted to equilibrium properties, and especially section 6,
which contains a detailed investigation of the non-equilibrixiregime at low temperature.
section 7 gives a brief summary and a discussion.

2. Physical quantities and their dynamical evolution

Consider a finite system, madeMfboxes containingy particles. LetV; (¢) be the occupation
number of box numberat timer, i.e. the number of particles contained in that box. We have

M
> Ni(t) = N. (2.1)
i=1

The Hamiltoniar?{ and actionS of the system at inverse temperatyrecad

M
S=BH=—B) .o (2.2)
i=1

Instead of addressing the more ambitious goal of describing the dynamics of the model
by the configuratiorC = {N, ..., Ny} involving all the occupation numbers, we restrict
our study to quantities involving the occupation number of one box only. We consider the
thermodynamical limit§§f — oo, M — o0), with a fixed densityp = N/M, and furthermore
restrict the analysis to the homogeneous non-equilibrium initial condition where there is one
particle per box. We thus havé = M, p =1,andN;(t =0) =1fori =1,..., M.

2.1. Reminder: occupation probabilities and mean energy
Taking box number 1 as a generic box, we denoteffay) the probability that it containk
particles at time:

fi(t) = Pro{Ny(t) = k}. (2.3)

The dynamical equations obeyed by the occupation probabilffi&s read (see e.g.
appendix A of [23] for a derivation)

dfi)  k+1 k
e mfkﬂ(t) + fi1(t) — <1 + m) Ji(®) (k=72
da 2 _ 2.4
G = A PO RORO =20 (2.4)
dfo®)

@ Ja(@) — (@) fo(t)
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with the initial value

Jk(0) = 8k 1 (2.5)
and where
1
0" 1+(ef 1) fot) pnt)=e?+@1—eb) fi). (2.6)

Equations (2.4) describe a birth—death process, i.e. a random walk dnatkie with
position-dependent rates. The rate at which a ball enters a non-empty boX)(is equal to
1, while it is equal tqu for an empty box. The first process is temperature independent as it
should be, since diffusion between non-empty boxes is not constrained by temperature. The
second process depends on temperature. For instance, at infinite temperasuegual to
1, because moving a ball to an empty box is always allowed (diffusion and evaporation are
both permitted). At zero temperatupe,is equal tof1, which expresses the fact that moving
a ball to an empty box is allowed if the departure box contains one ball only (only diffusion
is permitted). The departure rate of a ball from a box contaitibglls is equal td/A (¢).

Hence, there is equilibration @faroundA (¢). At low temperatureA(r) ~ (1 — fo(t)) ™1,
which is equal to the average number of balls in a non-empty box.

To summarize, equations (2.4) describe a random walk along-thés, in a confining
potential centred around (), which itself is slowly increasing, whenever the number of
empty boxes increases [10]. Itis indeed intuitively clear that while the equilibration inside the
potential is fast, the evolution af(¢) is very slow at low temperature. This defines two time
scales, as mentioned in the introduction, or two regimes, which are to be identified respectively
with the 8- and thex-regime, characteristic of glassy relaxation [9].

Equations (2.4) can be formally rewritten as a Markovian system, of the form

d
LD _ 3 Mulfoo), £0150) 2.7)
4 >0
where the matribxM[ fo(r), f1(r)] satisfies
> Mul fot). f()] = 0. (2.8)
k>0

Actually, the reaction terma (¢) and(¢) involve fo(¢) and f1(¢), which makes the dynamics
non-Markovian and the system of equations (2.4) or (2.7) nonlinear.
Equations (2.4) or (2.7) ensure the conservation of the moments

YA =1  (N@0) =) kfilt)y=1 (2.9)

k>0 k>1

respectively corresponding to the total numbers of boxes and of particles. Finally, the mean
energy per box of the system reall§) = —(5n,(1),0) = — fo(t).

2.2. Density correlation function

The density correlation function(z, s) measures the correlation between the number of
particles in box number 1 at timegwaiting time) and (observation time), with & s < ¢:

c(t, 8) = (N1(1)N1(s)) — (N1(2))(N1(s)) = (N1(1) Na(s)) — 1. (2.10)
By definition, we have
(N1(1)N1(s)) = Z Jk Pro{Ni(#) = kIN1(s) = j}Pro(Ni(s) = j}. (2.11)

Jk=1
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Equation (2.10) can thus be rewritten as

ct.) =Y jkfi9)g . 5) -1 (2.12)
jk>1
where
g’ (t,5) = Prob(N1(t) = k|Na(s) = j) (2.13)
or else as
ct,s) =Y ky(t,s)—1 (2.14)
k>1
with
vt s) =Y jfi()g (. s). (2.15)
jz1

Since the time variable plays the role of a parameter in the dynamics, m;ft’ﬁ(t, s) and
(¢, s) obey the dynamical equations

P ) , )
HLD 2 S Ml fot), 018 5) (2.16)
t >0
8 9
D =3 Mulfo. Fiote,) (2.17)
4 £>0
with the initial conditions
g (s, 8) =8 Yi(s, 8) = kfi(s) (2.18)
implying in particular
e(s.5) = (Ni()?) =1 =) k* fi(s) = 1 (2.19)

k>1

in agreement with equation (2.10). Equations (2.16), (2.17) ensure the conservation of
probability, i.e.

Y gl =1 > w5y =1 (2.20)

k>0 k>0

2.3. Density response functions

The local density response functiefr, s) is a measure of the change in the density of box
number 1 at time, induced by an infinitesimal change in the conjugate variable, i.e. in the
present case the local chemical potential acting on the same box, at the earlierAigseime

that box number 1 is subjected to an arbitrary time-dependent chemical potential, given by
a(t) in reduced units. The perturbed action now reads

M
S(t) =B 8n,m.0 — a(t)N1(0). (2.22)
i=1
The occupation probabilities of box number 1 now depend @i we denote them by
fE@) = Pro(N.(r) = k}. In the thermodynamical limit, i.e. to leading order s— oo,
the occupation probabilities of all the other boxes= 2, ..., M) are still given by thef; (7).
Indeed the mean-field geometry of the model implies that the mutual influence of any two
distinct boxes scales ag .
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Assuming for simplicityla ()| < B, the £ (z) obey the dynamical equations

d o

fgt(t) = (k+ Dv_(t) fa1(t) +ve(@) £ 1) — (e () +kv_(1)) fE (1) k > 2)
d o

fét(t) =20 f7 (O) + (D f5 (1) = (e (0) + = (O) (D) (2.22)
d o

fgt(t) = u_ (O FE() — pa () £ (1)

with the initial value

0 =81 (2.23)
and with the definitions

(1) = frOW(—a () + (1 — fa(r)e 0

pu—(t) =1— fo(t) + fo()W(a(t))

v(t) = fi() + (1= fa@)W(—a(1))

vo(t) = (L= fo)W(a(®) + fo(t)e P
These equations can be derived along the same lines as in [23].

In the above expressions,

W(AS) = min(1, e *%) (2.25)
is the Metropolis acceptance rate associated with a change of acfien BAE. This rate is
not differentiable ainS = 0. We have indeed

awv _ aw _o (2.26)

dAS | x50 dAS | rs_0-

As a consequence, we are led to define the following two local response functions for the
density:

(2.24)

1)
P, s) = SVHO) : (2.27)
80[(5‘) a(s)—0*
Introducing the quantities
8¢ (@)
hi(t,s) = =X 2.28
¢ Sa(s) a(s)—>0% ( )
we have
rE(t,s) = Y Kb, ). (2.29)
k>1

The dynamical equations for tl1m§t (¢, s) are obtained by taking the functional derivative
of equations (2.22) with respectdds) for a(s) — 0F. This yields

dhE(t,
MBS ™ My Lo, FrOVEC 5) (2.30)

ot =5
with the initial conditions

k+1 k
Bt (s, s) = —ﬁfmm X pe k=2

$ A(s)
hi(s,s) = —mfz(S) + u(s) fols)
hS(Sv s) = —u(s) fols) (2.31)

hi (s, 5) = —(k + DeP fo(s) firr(s) + (L = fa(5)) fea(s)

+(ke™? fo(s) + fu(s) — 1) fi(s) k >2)
hy (s, s) = —2€ 7P fo(s) f2(s) + () fo(s) + (fi(s) — D) fi(s)
hy (s, 8) = —p(s) fo(s).
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We have

> hf(t.s)=0 (2.32)

k>0
at all timest > s. Furthermore, equations (2.31) imply that both response functions coincide
at initial times:

ri(s,8) =17 (s,8) = L+ 2e7 = 1) fols) = fu(s) + 2(L — €7P) fo(s) fu(s). (2.33)

2.4. Fluctuation—dissipation ratios

The fluctuation—dissipation ratio provides a measure of the violation of the fluctuation—
dissipation theorem, and thus of the departure of the system from equilibrium [9, 18, 22].
In the present case, we need to define two fluctuation—dissipation ratios

r(t, s)

dc(t,s)
as

XE(@t,s) =

(2.34)

These definitions contain no explicit temperature dependence, because a factor of temperature
has been absorbed in the definition of the reduced chemical potettial
We are thus led to investigate the quantity

D) S keetr.s) (2.35)
as =1
with
a 9
Gty ) = % (2.36)

Fort > s, the dynamical equations obeyed by these quantities are deduced from equation (2.17)
and read

8 k]
gka(i 9 > Ml fo(0). fD]get. s). (2.37)
>0
Equation (2.31) implies
d
DGt 9) =23 yilt,5) =0, (2.38)
k>0 k>0

Moreover, by integrating equation (2.17) for thgt, s) to first order ind = ¢ — s, we obtain
the initial values

Gls, 5) = Y (k= Mgl fo(), f®)] fe(0) (2.39)
>0
i.e.
= k+1 + k>2
G(s, s) = AL Jir1(s) + froa(s) (k=2
2
(5. 5) = = f2(s) + 1) fols) (2.40)
(s)
Co(s, s) = — fi(s)
implying
ac(t, s) _ c(s, s)
o5 | 2— AG) + fo(s) (u(s) — 1). (2.41)
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3. Generating functions and integral representations

Itis possible to obtain integral representations of the solutions of equations (2.4), (2.17), (2.30),
(2.37) by means of the generating functions

Fx,t)=Y_ fi(t) x* Gx.t.5) =Y yl(t,s)x"

k=0 k=0

A
H*(x,1,5) =Y _hi(t,5) x* Z(x.t.5) =Y Gt s)x". 3-1)
k>0 k>0
These functions obey the partial differential equations
IF(x, 1) 1 9F&,n

= (x—1) (F(x, ) NORETE Yf(t))
0G(x,1,s) 1) (G(x, fs)— LE)G(X, t,s) v, s))

o ) A(r) . Balicli( ) (32)
OH™ (x,t,s o " B x,1,8) A '
% = x—1D(H (x,t,5) X0 ox Y= (t, s))
0Z(x,t,5) 1 0Z(x,t,s)

T =(x - 1) <Z(}C, t,s) — mT — Y((f,S)) .
The Y -functions which enter these equations read
Yi(t) = L —eP)fo(t) =1-1/A@)
Bl , d
Yy (t5) = (L—e ) (yo(t,s) + fol 0D ’Z’f”yoa,s))
+
Y (t,5) = (1—e7") (hoi(t, 5)+ fo(r)ah%(;’ D d’;(’t(t) hg (1, s)) (3:3)
9¢o(t, d
V.t,5) = A—eh) (;oa,s) + fo(n X2 SO0 ;o<z,s>>.

The initial conditions for equations (3.2) are derived from equations (2.5), (2.18), (2.31),
(2.40):

F(x,0 =x
0F (x,s)
G(x,s,s) =x
1 oF
H(x,s,5) = (x — 1) (A—M +e7F fo(s) — fa(s) +2(1— eﬂ)fo(S)f1(S)>
(s) Ox

IF(x,s) (3.4)
0x

H (x,s,8) = (x — 1) ((1 — fus) F(x, ) + €7 fols)
+(1—e ) fo(s)(2fi(s) — D)

1 oF
205, 9) = ——— O g ) - A= e ) fols) (A= 1) fils) +)
A(s) Ox
The conservation of moments expressed by equations (2.9), (2.20), (2.32), (2.38) implies
Fan=ECD0 _Garn=1 HY*(Lts)=Z@r1.s) =0, (3.5)
x=1

Equations (3.2) can be solved by the method of characteristics (see e.g. appendix B of [23]).
We thus obtain

t
Fx,t) = (1+(x — 1)e*®) gr~DPeo +/ du K(x, t, u)Y p(u)
0 , (3.6)
G(x,t,s) = e(x—l)D(t,s) G(l +(x — 1)er(S)*T(t)’ s, s) +/ du K(x, t, u)Y,,(u, s)
s
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and expressions fdf  (x, ¢, s) andZ (x, ¢, s) similar to that forG (x, ¢, s), with the definitions

" du
(1) =/0 AG) (3.7)
1
D(t,u):/ dv @70 (3.8)
Kx,t,u) = (1 — x)ef@—tOrx=DDw) (3.9)

The quantities of interest are given by

G (x, 1, IH*(x, 1,
clt, s) = % -1 ri(t, 5) = M
X x=1 0x x=1
ac(t, 0Z(x,t,
c(t,s) _ (x,t,5) ' (3.10)
as 0x e

Using equations (3.6) and the corresponding equatiorgfap, ¢, s) andZ (x, ¢, s), we obtain
finally

t
c(t,s) = D(t,s) — 1 +(c(s,s) + 1)ef®—70O _ / du €Oy, (u, 5)

t
rEt, s) = r¥(s,s) e@WT0 —/ du €WTDY,. (u, s) (3.11)
s
t
dc(t, s) _ ac(s,s) er@-t() _ du 7 @-T® Y; w, s).
as as s

Settingx = 0 in equations (3.6), we get integral representations of the following quantities,
which will be useful in section 6:

t
folt) = (1 — )P0 4 / A KO, 1, )Y ()
0 : (3.12)
yo(t, s) = e P G(l g0 o s) +/ du K(0, ¢, u)Y, (u, s)

with
0

IC(O, f u) — T (u)—t(t)—D(t,u) — Ee—D(t,u) (313)

and similarly

t
hy(t,s) = e POV HE (1770 5 ) +/ du KO, t, u)Y,, (u, )
Js (3.14)
o(t,s) =€ PUVZ(1—e®T™0 5 5) + / du KO, t, u) Y, (u, 5).

N

4. Infinite-temperature behaviour

Atinfinite temperature, the backgammon model, which is a ‘thermodynamical’ generalization
of the Ehrenfest model, as discussed in the introduction, is solvable. The solutions given in
equations (3.6), (3.11) indeed become explicit, because of the simplificatiéns & (t) =

wu() = 1.
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4.1. Reminder: occupation probabilities and mean energy

SinceY,(¢) = 0, we have

F(x,1) = (1+(x — 1)e")e¥Dd-e", (4.1)
The occupation probabilities thus read
1 e )k-lge'-1
fi)y = (- &2 + ke T=C ,L (4.2)
yielding, in particular, the mean energy
Et)=—fot)=—(1—ee® L. (4.3)
4.2. Correlation and response, fluctuation—dissipation ratios
Similarly, noticing thatt,, (¢, s) = Y+ (z, s) = Y (¢, s) = 0, we get
Gx,t,5) = (1+(x — e )(L+(x — De'(1—e))ervd-eD
HY(x,1,5) = (x = D[(€ + (x — D' (7 — 1)) DA-en~
_e(xf1)(1fey”)7sft+e”"71]
- —1)(1—e")— — —1)s (4.4)
H™ (x,t,5) = (x — e DI [(1 + (x — 1)e")e"1»
—(1+(x —DeHe e
Z(x,t,8) = (x = D((x — Ve +1+eg2)er Dl
We thus have
clt,s) = (1—e %) rE,s) = (1—e 2 et
acg’ ) _ (L+eZ)e, (4.5)
S

Note that both response functions coincide for all times at infinite temperattifg:s) =
r~(t, s), whereas the generating functiofs"(x, ¢, s) are different from each other. The
common value of the fluctuation—dissipation ratios is independentaofd reads

1_ e 2te’-1

XE(@,s5) = (4.6)

l+e?
At equilibrium, i.e. fors > 1, the correlation and response functions only depend on the time
differenced = r — s, and they fulfil the fluctuation—dissipation theorem (see section 5):
dceq(g) _p
- =e".
deo
Equivalently,X*(z, s) in equation (4.6) goes to unity as— oo.

ceq(0) = rgg(6) = 4.7)

5. Equilibrium properties

5.1. Reminder: occupation probabilities and mean energy

At any finite temperature and for long enough times, the system converges towards thermal

equilibrium. The occupation probabilities at equilibrium are given by the stationary solution

of the dynamical equations (2.4):
k—1

A Aeg— 1+ehea  @-Ae
(fdeg=e€"— (k> 1) - Eeq= (foleg= — = (5.1)
k! Aeq Aeq
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whereAgq, the equilibrium value of\ (7), is related to temperature by
e’ = 1+ (Aeqg— De™. (5.2)

This quantity can be identified with the thermodynamical fugacity of the model (see appendix C
of [23]). Note that the most probable non-zero occupancy is approximately eoqnia,ton
agreement with the discussion given below equation (2.6).

At low temperature, we have

INg+1 In?8—1
Aeg=p—Inp+ p + b

; 257
1 Ing InPB-Ing-1 (5.3)
Eeq:—1+E+—2+T+...

Finally, the generating function of the equilibrium occupation probabilities reads
Aeg— 1 +6x—Dhe

Aeq '
The convergence towards equilibrium is characterized by a relaxatiorrdintagenoted

asréé) in [23]), which is exponentially divergent at low temperature (see equation (6.9)).

Feq(x) = (5.4)

5.2. Density correlation and response functions

At equilibrium, the density correlation functiorn(z, s) = ceq(f) and response functions
rE(, s) = rg;|(9) are stationary: they only depend on the time differeheer — s.

These quantities can be derived from equations (3.11), where all integrals become
convolutions. These equations can therefore be solved in Laplace space. Denctigigby
the Laplace transform afeq(9), and using similar conventions for the other functions, we
obtain after some algebra

f;q(l?) = ’%}(P) = Aeq - Péeq(l?) (5.5)

which express that both density response functions coincide at equilibrium, and that they obey
the identity

_ dceq(e)
do

In other words, the fluctuation—dissipation rati&s (8) are identically equal to unity at
equilibrium, expressing thus the fluctuation—dissipation theorem.
Furthermore, we obtain the explicit results

Aeq - (Aeq -1 (P + 1/(f0)eq) (12(17, Aeq) - 1;?;\1:1>

reg(0) = (5.6)

Foq(P) = ~ (5.7)
o a+ PAeq) (Aeq - (Aeq -1 (p+ 1/(f0)eq)K(P’ Aeq))
where
2 . Aegpleq(z—1) A 1 Aléal
K(p,Aeg) = A / Az P eaghea=™D — g7 hea 5.8
P, feq e |, ;pw/z\eq(k—l)! 8
is the Laplace transform of the equilibrium kernel
K (0, Aeq) = eXP(—0/Aeq— Aeq(l — €7/ea)), (5.9)

The expression (5.7) is a meromorphic function, whose denominator coincides with that

found in [23] in the case of the energy correlation and response functions. This denominator

has an infinite sequence of zeros on the real negative axis, which we denpte- byp,iz),
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with & > 1. The relaxation time of the equilibrium correlation and response functigns
(denoted a&fﬁ) in [23]) is given by the inverse of the smallest one:
1
P

At low temperature,feq is exponentially divergentofrelaxation), while all the other
characteristic times remain microscopic, i.e. of ordgg (8-relaxation). Indeed, we have

Aeq— Dele
~ QNea— e (A2 (Aeg) + 1 — Acg)

eq qu
2ehe 2 2¢8 2Ing+1
~ q 1+_2+... g_2<1+L+...> (5.11)
Aeq Aeq ﬁ ﬂ
with
1dz AT et 2!
1(A>=/ L=y M eyl (5.12)
o 2 sinn A Z}OA
The density correlation and response functions read
A
rE@) =Y 4 @) =Y e (5.13)
k>1 k=1 Px

where theA; are the residues of expression (5.7) at the pples —p,(cz). In particular, the

values of these functions at equal tini@s= 0) provide the following sum rules for the residues
Ag:
1+ (Aegg— L)e2ea A
rEO =Y A= e‘j\ Ceq®) = Tfj,) = Aeq. (5.14)
k>1 eq k>1 Pk
The only difference between expressions (5.13) of the density correlation and response

functions at equilibrium and those for the energy [23] lies in the values of the residués:
the density and, for the energy, with

@ 2
ﬂ _ ((Aeq - 1)(I7k - 1/(f0)eq)>
Aeqpéz) -1

Finally, the analysis presented in this section leads to the following description of the
behaviour of the equilibrium density correlation and response functions at low temperature.

e Inthe g-regime(6 ~ 1), expression (5.7) simplifies to

(5.15)

Ak

1
At A
req(p) eq PCeq(p) 1 +PAeq ( )
up to an exponentially small correction. We thus obtain
efg/Aeq
rea®) ~ — Ceql0) X Aeq— 1+ e/ (5.17)
eq

e Inthea-regime(d ~ teq), the expressions (5.13) are dominated by the first @&rea 1).
The corresponding residue can be estimatedas (Aeq — 1)/teq. We thus have

Aeg—1
re0) ~ —e;‘ ek ceq(0) A (Aeg— D)0, (5.18)
eq
¢ Inthe crossover between both reginigs« 6 « feq), the density correlation and response
functions exhibit the plateau values

Aeg—1
(re:‘z)m ~ e? (Ceq)p| ~ Aeq -1 (5.19)
eq
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6. Non-equilibrium behaviour at low temperature

In this section, we shall extend to density fluctuations the low-temperature analysis developed
in[21,23]. Thisanalytical approachis valid at low temperature, throughout the non-equilibrium
a-regime ¢ > 1,t —s > 1), irrespective of the relative values obr ¢ with respect to the
relaxation timereq.

6.1. Reminder: mean energy

In the case of the mean energy, our approach consists in simplifying the first integral equation
of equations (3.12), by expanding the integrand as a power seriesinKeeping consistently
the first two terms of this expansion, we are left with the following differential equation:

fo(t) = & 2O + Jo(t)Y 4 (1) + Ja(1) dYé't(t) (6.1)
with
Jo(®) = / de K(g, A(t)) = KO, A(t)) = 1 — e 2®
° : 6.2)
Ji(t) = —/ dee K(e, A1) = w| =AM I(A®D)).
0 P
p=0
This approach leads to the evolution equation [23]
dA
i A(A(1), Aeg) (6.3)
with
B (A — 1et
A Aed = 7015 ( " (oo 1>eAeq> ' ©4

Equation (6.3) describes the relaxation of energy throughoutothegime at low
temperature. In particular,

e At zero temperature, and more generally in the aging regime ¢ < teq), we have

dA 1
V= 6.5
dt  I(A) (6.5)
hence
A Ldz A" et — (L+1)!
t~ | dANIAY=| SE¥-1-A)=) ———~-—) —— (66
/0 (A)) /OZ2< 2) ;n(n+1)! A; i (66
or else
A(t)%lnt+|n|nt+M+..., (6.7)

Int
e In the opposite limilz > f.q), the convergence af (r) towards its equilibrium valué ¢q

is exponential,

Aeq— A1) ~ e/ (6.8)
with a relaxation time
~ Aeq - 1
teq ~ I(Aeq)
eq
ghe 1 ef 2Ing+1
~ 1+_2+... %_2<1+L+...> (6.9)
Aeq Aeq ﬂ :B

which is roughly equal to half the relaxation timg, of the correlation and response
functions, given in equation (5.11).
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6.2. Correlation and response, fluctuation—dissipation ratios

The low-temperature approach consists in simplifying the integral equations (3.12), (3.14) for
yo(t, s), hoi(t, s), andgo(t, s) into the differential equations

Y, (¢,
Yolt, ) % €00 4 Jo(t, )Y, (1, 5) + I, 5) D)
Yy (t,
hg (1,8) & Jo(t, )Yy (2, 8) + Jo(t, S)M (6.10)
oY (t,s
Lolt. s) ~ Jo(t, )Y (t, s) + Ju(t, s)%.
These expressions lead, after some algebra, to the differential evolution equation
1 3¢, s)
—, -~ —B(A®, A 6.11
b(t,s) o1 (A(D), Aeg) (6.11)
where¢ (¢, s) denotes eithepo(t, s) — fo(?), hét(t, s), or &o(t, s), and with
A(A, Aog) + A2 (e—A + [f_A_“l)
B(A, Aeg) = - (6.12)

A(A2eM(A)+1—A)
Changing time variables fromand: to A(s) andA(¢), we obtain the alternative form
1 9¢(t,s)

—a (A1), A 6.13
5. A a(A(t), Aeg) ( )
with
B(A, Aeg)
A, Agg) = ————. 6.14
a(A, eq) AL, Aeq) ( )
The normalized solution of the differential equation (6.13) reads
A1)
o(t,s) ~ exp( — / dA e (A, Aeq)>. (6.15)
A(s)
This result can be recast into a multiplicative scaling law
D(A(s), A
pit.5) ~ DLE), Aeg) (6.16)
O (A(1), Aeg)
with
A
O(A, Aeg) = exp(/ dA a(A/, Aeq)>. (6.17)
1

Finally, using equations (3.11) and the definitions of Iréunctions, we obtain the scaling
predictions

c(t,s) _ rE(, s) _ 0c(t,8)/9s A1) P(A(s), Aeg)
cpi(s)  rpi(s)  (@c/ds)p (s)  A(s) @A), Aeg)

throughout the non-equilibrium-regime, which constitute the main result of this section. The
plateau valuesy(s), ré (s), and(dc/ds)y (s) in equation (6.18) are the initial conditions for

the dynamical equations (6.11), (6.13). These plateau values generalize the results (5.19) to
the generic non-equilibrium situation at low temperature. They are attained when thg)fast
modes are extinct, i.e. for & 6 = r — s « s. These quantities, which are non-trivial in
general, remain to be determined, since their evaluation does not pertain to the analysis of the
a-regimestricto sensu

(6.18)
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Figure 1. Plot of the zero-temperature correlation functidn s) against Irir — s), for different
values of the waiting time, indicated on the curves. Full curves: exact numerical results.
Dashed curves: leff3-regime): equation (6.20); righifregime): scaling law (6.18), with plateau
value (6.19).

In the case of the correlation functiely, s), the plateau value
cpi(s) =As) -1 (6.19)
is simply obtained by replacingieq by A(s) in the expression (5.19) at equilibrium. More
generally, we have
c(t,s) & ceq(t — 55 A(s)) ~ A(s) — 1+ e (7AW (6.20)
(see equation (5.18)) in the non-equilibriygaregime. This expression amounts to saying
that the system is somehow at an instantaneous equilibrium describ&¢ by This simple
description is only justified for moderate times{s < s), and for quantities, such a¢, s),
which remain of order unity for long waiting times and/or at low temperature.
Figure 1illustrates the validity of the above description. The zero-temperature correlation
functionc(t, s) is plotted against I —s), for different values of the waiting time indicated on
the curves. The full curves show the result of a direct numerical integration of equations (2.4),
(2.17). The dashed curves show (to the left, in fheegime) equation (6.20) and (to the
right, in thea-regime) the scaling law (6.18), with the plateau value (6.19). The quantitative
agreement between the exact numerical data and their analytical description is increasingly
convincing as the waiting timeincreases.
The evaluation of the other plateau values, nanigdy ds)pi(s) andrj(s), requires more
care, since these guantities are already exponentially small at equilibrium. A sketch of the
method used for their derivation is given in the appendix.
First, one finds
dc ~ A(s)?e ™) A(s) —1
(%)WG%VA@FGAWMA@D+1—A@)_tdA@H
wherete[A(s)] is obtained from equation (5.11) by replacingq by A(s). Although the
expression (6.21) is simple, since it can be obtained by replacipy A (s) in the equilibrium
result (5.19), its derivation is not.

(6.21)
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Figure 2. Plot of the zero-temperature plateau vallxggs) (upper data) amX[;(s) (lower data),
against Irs. Full curves: exact numerical results. Dashed curves: analytical predictions (6.25).

The values oﬁ;f(s), obtained along the same lines, have the more intricate expressions

A(s)%e 20 — A(s)A(A(s), Aeg) ((A(s) —1De AT (A(s)) — 1+ ﬁ)
A($)2e MO (A(s)) +1— A(s)

A(5)%e 2 — A()A(A(s), Aeg) (A(s)e*A(”I(A(s)) —l-g5+ ﬁ)
A(s)2e 2O T (A(s)) + 1 — A(s)

The scaling result (6.18) implies that the fluctuation—dissipation ratibg, s) stay
constant and equal to their plateau values

+
+ _ T ()
Xp|(S) = —(Bc/as)p|(s) (6.23)

throughout the non-equilibriure-regime, i.e. for — s > 1. Equations (6.21), (6.22) lead to

+
rpl(s) ~

(6.22)

ra(s) ~

(s)
A(s) A(s)? (6.24)
()~ 1 e* D A(A(s), Aeg) AG)E AT (AGs)) — 1 — 1,1 .
)~ Ne ( e M IA) -1 A®F>.

These expressions interpolate between the equilibrium vadges) = 1fors > teq and the
non-trivial values

X+(s)%i+(1— L ) et ~1— 2 2 b M
Pl A(s) A(s)2) A()I(A(s)) A()2 A3 A(s)? (6.25)
X, () ~ <1+ 1 ) e ~1— 8 8 I8 o

Pl A(s)  A()?2) A)I(A(s)) A2 A A)*

at zero temperature, and more generally in the aging regime, i.e <40feq.
Figure 2 illustrates the above predictions. The zero-temperature plateauxﬁluesare

plotted against I, for s up to 1®. The full curves show the limit values lim ., X*(t, s),
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obtained by extrapolating the numerical solutions of equations (2.4), (2.17), (2.30), (2.37).
The dashed curves show the analytical predictions (6.25), whose accuracy becomes extremely
high for the larger values of the waiting tiree

The above results can be compared with the expression for the zero-temperature plateau
value of the fluctuation—dissipation ratio associated with energy fluctuations, derived in [23]:

Xelnergy(s) N = A(S)(A(S) - 1) ~ 1 _ 2 _ 4 _ 6 + ...
P A(s)2e AT (A(s)) + (A(s) — 1)2 A(s)?2 AP A@)?
(6.26)

The expressions (6.25), (6.26) of the three fluctuation—dissipation ratios are very similar. All
these ratios asymptotically converge to the value 1, characteristic of equilibrium, albeit with
large correction terms, which only decay gsAls)? ~ 1/(Ins)?, i.e. logarithmically slow

with the waiting times. More surprisingly, in the present case of density fluctuations, the
difference

. _Nl1 eA(S)~1+1+3+ 6.97
Ko = X~ m( B A(s)l(A(s))) Y Ao T Aer Taer 62D
which is entirely due to the discontinuous slope of the Metropolis acceptance rate (see
equation (2.26)), and hence dependent on our choice of a microscopic dynamics for the model,
exhibits the very same logarithmically slow fall-off i/ dn s)>2.
To conclude, we give a more detailed account of the dependence on both timesscales
andr of the scaling law (6.18):

e At zero temperature, and more generally in the aging regime f.y), we have

A A (A)+1 1 1 1 7
A, 00) = Nt S oot 6.28
@00 A(AN%e 2 I(A)+1—A) 2 2A A2 2A3 (6.28)
hence
P (A(s), 00) ~ (A(s)e“(‘“))l/2 1+t 49 L
’ AGs)  4A(5)2
Inins  4Inins — 9
~ s¥2?| 1+ + +...). 6.29
' ns( Ins 4(In s)2 ) (6.29)

Therefore, in the aging regime, ¢ < teg), the right-hand side of the scaling law (6.18)
roughly obeys a square-root behaviour, namely

A(t) (D(A(S),OO) N s\1/2 1 1 1
A(s) D(A(D), 00) (?) <1+Z <W - W) +e- ) . (6.30)

e In the opposite limit(s > te), describing the convergence towards equilibrium, the
scaling function® blows up exponentially, as

D(A(s), Aeq) & C(Aeg)€ "™ (6.31)

with ans-independent prefactor. In this regime, the scaling law (6.18) therefore exhibits
an exponential decay,
AW P(AG), Aed)
A(s) (A1), Aeg)

g =9/t (6.32)

characteristic of equilibrium properties.
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7. Summary and discussion

The present work, a sequel of [10, 21, 23], is devoted to a thorough study of the density
correlation and response functions and of the associated fluctuation—dissipation ratios for
the backgammon model, a mean-field dynamical model introduced in the context of glassy
dynamics [8]. We thus provide analytical predictions for the most salient findings of Franz
and Ritort [22] for the relaxational dynamics of the density fluctuations of the model, both at
equilibrium and away from equilibrium.

Let us first summarize our main results. Consider the situation at equilibrium and low
temperature. The correlations in the backgammon model possesses a spectrum of relaxation
times with an exponential separation of time scales, betwegmegime of fast relaxation,
involving the microscopic time scale, and a slawegime, characterized by the relaxation
time feq & 26t/ Aeq ~ 2€6% /B2, WhereAeq ~ B is the fugacity of the system. The two-time
correlation and response functions are stationary, i.e., they only depend on the time difference
6 =t — s. The density correlation function reads (see equation (5.18))

Ceq(0) ~ €M1+ (Ngq— 1)e/tea, (7.1)
. —
p-regime . _regime
This expression accounts for the superposition of thedfastaxation ¢ ~ 1 or A¢g), and the

slowa-relaxation  ~ feg). As a consequence, equation (7.1) exhibits a well-defined plateau
value (see equation (5.19))

(Ceq)pl X Neq— 1 (7.2)

throughout the crossover between both regimes, i.e. fr . < feq. The same conclusions
hold for the response, with

d
Feq(0) = —Eceq((g) (7.3)

which expresses the fluctuation—dissipation theorem.

One of the most striking outcomes of [21,23], further extended in the present work, is that
the exponential separation of fag) @nd slow &) modes still holds in a generic non-equilibrium
situation. This simplifying feature allows an analytical treatment of the non-equilibsum
regime at low temperature. Throughout this regime, we predict that the density correlation
and response functions obey multiplicative scaling laws of the form (see equation (6.18))

c(t,s) _ r¥(t, s) _ 0c(t,8)/9s A1) P(A(s), Aeg)
cpis)  ri(s) @/ (s)  Als) PA), Aeg) |

These scaling laws hold at low temperatugg £ 1) and throughout the-regime ¢ > 1,
t — s > 1), irrespective of the ratias/feq Or (t — 5)/teq. When these ratios are small, i.e., at
zero temperature, and more generally in the aging regime, the rightmost side of equation (7.4)
assumes an approximate inverse-square-rooi4aw? (see equation (6.30)). Conversely,
when the above ratios are large, i.e. in the regime of convergence towards equilibrium at a
low but finite temperature, this rightmost side exhibits an exponential fall-off, of the form
exp(—(t — s)/teg), Characteristic of the equilibriuwa-relaxation.

Moreover, in the case of the correlation function, the crossover between the non-
equilibrium B- anda-regimes can be described by a simple additive formula, generalizing
the equilibrium result (7.1), as

(7.4)

A1) P(A(s), Aeg)

. (7.5)
A(s) D(A(1), Aeg)

c(t, s) ~ e U=/ £ (A(s) = 1)
B-regime

a-regime
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This result, illustrated in figure 1, amounts to saying that in the non-equilibgiuagime the
system is somehow at an instantaneous equilibrium, describadshy The validity of such a
descriptionis related to the simplicity of the non-equilibrium plateau value (see equation (6.19))

cpi(s) = A(s) — L. (7.6)

The same holds for the derivatide(z, s)/ds. In contrast, for the response functionfg, s),

there is still a well-defined separation of a fast and a slow component away from equilibrium,
but this separation is non-trivial, as it involves the plateau val,ﬁes), which are complicated
functions ofs, even at zero temperature (see equations (6.22)).

Itis worth comparing the results of this paper for the correlation and response of the density
with those found for the correlation and response of the energy [21, 23]. First, as underlined
in [22], the density correlation has an appreciable variation over short time scales, i.e. in the
B-regime, while the energy correlation remains essentially constant in this regime. Second, in
thewa-regime, the scaling law (7.4) of the correlation and response functions of the density is
very similar to that of the energy [23]. As it turns out, both scaling functions only differ by the
prefactorA (r) /A(s). Finally, in the present case of density fluctuations, because of the choice
of a Metropolis dynamics, it is necessary to introduce two response functi6@ss), and
accordingly two fluctuation—dissipation ratidg; (¢, s). This subtlety was not needed in the
case of energy fluctuations. A surprising outcome of the present study is that the difference
X;, () — X (s, which reflects the choice of the microscopic dynamics of the model, persists
in thea-regime, where it exhibits a logarithmically slow fall-off (see equation (6.27)).

As can be seen on these results, the backgammon model is helpful in giving clear-
cut analytical answers to some recurrent questions in the ongoing investigation of the slow
dynamics of non-equilibrium systems. This knowledge in turn is of interest to see whether one
can discriminate between non-equilibrium systems by their relaxational behaviour, encoded
in the correlation and response, or equivalently in the behaviour of the fluctuation—dissipation
ratio. Thus, in the present case, is the backgammon model more akin to a coarsening system,
or to a mean-field spin-glass model, or yet to another case?

In some respects, the quantity(r), which is omnipresent in our description of the
dynamics of the model, plays the role of the mean domain &igg, which is the only
characteristic length scale in a system undergoing phase ordering [24, 25]. Another common
salient feature of the present model and of coarsening systems is that the scaling form (7.4)
of the correlation functior(z, s) involves the ratio of a function of (r) to the same function
of A(s). On the other hand, as far as the fluctuation—dissipation ratio is concerned, there is a
maximal discrepancy between the present model at zero temperature, where both fluctuation—
dissipation ratiosX*(z, s) go asymptotically to unity (with a large logarithmic correction,
illustrated in figure 2), and coarsening systems, for which the fluctuation—dissipation ratio is
observed to go to zero [26—-28]. (The interpretation of the latter behaviour is that the long-time
response comes from the movement of the domain walls, and therefore becomes more and
more negligible as the domains grow [27,28].) This discrepancy is actually due to the fact
that the critical temperature of the backgammon modél.is= 0. As a consequence, the
low-temperature phase, where aging persists forever, is reduced to the critical point of the
model. More generally, as will be presented elsewhere [29], the fluctuation—dissipation ratio
exhibits special features for systems quenched to their critical point.
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Appendix. Derivation of non-equilibrium plateau values

In this appendix, we present the method used in section 6.2 for the evaluation of the plateau
valueSr,j(s) and(dc/ds)pi(s) in the generic non-equilibrium situation.
Let us take the example of the latter quantity. First, equation (3.11) implies

ac

<g>pl (s) = —A(s)(Y)pi(s). (A.1)

Second,(Y;)pi(s) can be estimated by performing a Laplace transform on equations (3.3),
(3.14). We thus obtain after some algebra

dc o A(s)S(s) + (A(s) = D) fa(s)
(g)pl @)~ =AE) A($)?e 2O T(A(s)) + 1= A(s) (A.2)
with
1 e—A(.Y)X
Se(s) = A(s)/ dx Z(x,s,s) (A.3)
0 1—x

where Z(x, s, s) is given in equation (3.4) in terms of the generating sefi¢s, s) of the
occupation probabilities.

Generalizing the equilibrium results derived in section 5, we anticipateSfh@i is
exponentially small inA(s). As a consequence, it is not legitimate to estiméte, s) by
just replacingAeq by A(s) in the equilibrium result (5.4). In other words, we first have to
derive a better evaluation of the occupation probabilities irutiiegime at low temperature.
This can be done by seeking a solution to the first partial differential equation of equation (3.2)
in the form

x—1DA(s
F(x,s) = A —1+e7hN0 + e DAOA(x, ) (A.4)
A(s)

where the first term represents the occupation probabilities at the instantaneous equilibrium
described byA (s) (see equation (5.4)), while the correction tefir, s) is assumed to be
small. Equation (3.2) yields a differential equation fofx, s), which can be integrated as

dA(s) /1d el VA —(1—y)A(s) — 1
s J 1= )AG)

This expression is proportional toAds)/ds, i.e. exponentially small im\ (s), as expected.
The result (A.5) has several consequences.

Ax,s) = — (A.5)

e Settingx = 0 in equation (A.5), we obtai\(0, s) =~ —(dA(s)/ds)I(A(s))/A(s).
Remarkably enough, we thus recover the evolution equation (6.3) foritself.
e By expanding equation (A.4) to second orderin- 1), we obtain

32F (x, s)
c(s,8) = (N1(9)2) = 1= ) K2 fi(s) —1= ————
1 ;) L |
A(S)A(A(S), Aeg)

~ A(s) — (A.6)

2

The second moment of the density fluctuations is thus given by the simple formula
corresponding to the Poisson law of parametés), namelyc(s, s) = (N1(s)?) — 1 =

A(s), based on the picture of an instantaneous equilibrium described 9y up to an
exponentially small correction, proportional tadds ~ A(A(s), Aeg).
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o Similarly, we can evaluate the initial values of the fluctuation—dissipation ratas, s).
We have indeed®* (s, s) ~ dc(s, s)/ds ~ 1/A(s), and

dets, . 1
c(ass s) r¥(s,s) =1—e? fo(s) + m(fl(s) —c(s,9))
1 1
= <§ * _A(s)z) A(A(s), Aeg) (A7)
hence
X*(s,8) ~1— (} + L) A(S)A(A(5), Aeg) (A.8)
’ 2 A(s)? + Aeg). .

The violation of the fluctuation—dissipation theorem at initial times is thus exponentially
small, as it is again proportional ta\ds)/ds. We have in particular

" N 1 1 1 A(s)e A®
rea=d (2+ A(s>2> IAG) 2 A9
at zero temperature.
e Finally, coming back to our main goal, i.e. the derivation of the plateau value of
(dc/9s)pi(s), we insert equations (A.4), (A.5) into the expression (3.4) 40k, s, s),
and then perform the integral (A.3). All the integrals brought by the correction term
A(x, s) can be expressed in terms bfA (s)) and of elementary functions. We are thus

left with
de ~ A(s)%e 26
<£)pl = A($)2e 2O (A(s)) +1— A(s) (A.10)

i.e. the result announced in equation (6.21). The results (6.22) have been derived along
the very same lines.
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